Abstract. Variation of mixed Hodge structures(VMHS), introduced by P. Deligne, is a linear structure reflecting the geometry on cohomology of the fibers of an algebraic family, generalizing variation of Hodge structures for smooth proper families, introduced by P. Griffiths. Hence, it is a strong tool to study the variation of the geometric structure of fibers of a morphism. We describe here the degenerating properties of a VMHS of geometric origin and the existence of a relative monodromy filtration, as well the definition and properties of abstract admissible VMHS.
Introduction
The object of the paper is to discuss the definition of admissible variations of mixed Hodge structure (VMHS), the results in [18] and applications to the proof of algebraicity of the locus of Hodge cycles [3] , [4] . Since we wish to present an expository article we did choose to accompany the evolution of the ideas from the geometric properties of algebraic families with their singularities, to their representation by VMHS degenerating at the discriminant locus of the family when the fibres acquire singularities. In the last section we present a summary of the results mentioned above.
The study of morphisms in algebraic geometry is at the origin of the theory of VMHS. To begin with smooth proper morphisms of smooth varieties f : X → V , the underlying differentiable structure of the various fibers does not vary, by Ehreshman's theorem; the fibers near a point of the parameter space V are diffeomorphic in this case, but the algebraic or analytic structure on the fibers do vary.
From another point of view, locally, near a point on the parameter space, we may think of a morphism as being given by a fixed differentiable manifold and a family of analytic structures parameterized by the neighborhood of the point.
So the cohomology of the fibers does not vary, but, in general the Hodge structure, which is sensitive to the analytic structure, does. In this case, the cohomology groups of the fibers form a local system L Z . So we start by the study of the structure of local systems and its relation to flat connections corresponding to the study of linear differential equations on manifolds. In the geometric case, the local system of cohomology of the fibres define the Gauss-Manin connection.
The theory of variation of Hodge Structure (VHS) adds to the local system the Hodge structures on the cohomology of the fibers, and transforms geometric problems concerning smooth proper morphisms into linear algebra problems involving the Hodge filtration by complex subspaces of cohomology vector spaces of the fibers. The data of VHS denoted by (L, F ) has three levels of definition: the local system of groups L Z , the Hodge filtration F varying holomorphically with the fibers defined as a filtration by sub-bundles of L V := O V ⊗ L Z on the base V , while the Hodge decomposition is on the differentiable bundle L ∞ := C ∞ V ⊗ L Z = ⊕ p+q=i L p,q . In general, a morphism onto the smooth variety V is smooth outside a divisor D called its discriminant, in which case the above description apply on the complement V − D, then the VHS is said to degenerate along D which means it acquires singularities. The study of the singularities may be carried in two ways, either by introducing the theory of mixed Hodge structure (MHS)on the singular fibers, or by the study of the asymptotic behavior of the V HS in the neighborhood of D, but in this case we may blow-up closed subvarieties in D without modifying the family on V − D, hence we may suppose D a normal crossing divisor (NCD) by Hironaka's results. We may also suppose the parameter space reduced to a disc and D to a point, since many arguments are carried over an embedded disc in V with center a point in D. In this setting, Grothendieck proved first in positive characteristic that the local monodromy around points in D of a local system of geometric origin is quasi-unipotent. Deligne explains a set of arguments to deduce geometric results on varieties over a field in characteristic zero from the case of positive characteristic [2] . Direct proofs exist using desingularization and spectral sequences [6] , [22] .
Technically it is easier to write this expository article if we suppose the local monodromy unipotent, although this does not change basically the results. For a local system with unipotent local monodromy, we need to introduce Deligne's canonical extension of the analytic flat vector bundle L V −D into a bundle L V on V characterized by the fact that the extended connection has logarithmic singularities with nilpotent residues. It is on L V that the Hodge filtrations F will extend as a filtration by subbundles, but they do not define anymore a Hodge filtration on the fibres of the bundle over points in D. Instead, combined with the local monodromy around the components of D through a point of D, a new structure called the limit mixed Hodge structure (MHS)and the companion results on the Nilpotent orbit and SL(2)−orbit [27] describe in the best way the asymptotic behavior of the VHS near a point of D.
The above summary is the background needed to understand the motivations, the definitions and the problems raised in the theory. That is why we recall in the first section, the relations between local systems and linear differential equations as well Thom-Whitney's results on the topological properties of morphisms of algebraic varieties. The section ends with the definition of a VMHS on a smooth variety.
After introducing the theory of mixed Hodge structure (MHS) on the cohomology of algebraic varieties, Deligne proposed to study the variation of such linear MHS structure (VMHS) reflecting the variation of the geometry on cohomology of families of algebraic varieties ( [11] , Pb. 1.8.15) . In the second section we study the properties of degenerating geometric VMHS.
In the last section we give the definition and properties of admissible VMHS and describe important local results of Kashiwara [18] . In this setting we recall the definition of normal functions and we explain recent results on the algebraicity of the zero set of normal functions to answer a question raised by Griffiths and 
Variation of mixed Hodge structures
The classical theory of linear differential equations on an open subset of C has developed into the theory of connections on manifolds, while the monodromy of the solutions developed into representation theory of the fundamental group of a space. With the development of sheaf theory, a third definition of local system as locally constant sheaves, appeared to be a powerful tool to study the cohomology of families of algebraic varieties. In his modern lecture notes [8] with a defiant classical title, on linear differential equations with regular singular points, Deligne proved the equivalence between these three notions and studied their singularities. The applications in the study of singularities of morphisms lead to the problems on degeneration of VMHS.
1.1. Local systems and representations of the fundamental group. We refer to [8] for this section; the notion of local system coincides with the theory of representations of the fundamental group of a topological space.
In this section, we suppose the topological space M locally path connected and locally simply connected (each point has a basis of connected neighborhoods (U i ) i∈I with trivial fundamental groups i.e π 0 (U i ) = e and π 1 (U i ) = e). In particular, on complex algebraic varieties, we refer to the transcendental topology and not the Zariski topology to define local systems. Definition 1.1. Let Λ be a ring. A local system of Λ-modules on a topological space X is a sheaf L of Λ X -modules on X such that, for each x ∈ X, there is a neighborhood U and a non-negative integer n such that L |U ∼ = Λ n U . A local system of Λ-modules is said to be constant if it is isomorphic on X to Λ r X for some fixed r. Definition 1.2. Let L be a finitely generated Z−module. A representation of a group G is a homomorphism of groups
from G to the group of Z−linear automorphisms of L, or equivalently a linear action of G on L.
We will also use the definition for Q−vector spaces instead of Z-modules. The monodromy of a local system L defines a representation of the fundamental group π 1 (M, v) of a topological space M on the stalk at v,
which characterizes local systems on connected spaces in the following sense Proposition 1.5. Let M be a connected topological space. The above correspondence is an equivalence between the following categories i) Z−local systems with finitely generated Z−modules L on M ii) Representations of the fundamental group π 1 (M, v) by linear automorphisms of finitely generated Z−modules L.
1.2.
Connections and Local Systems. The concept of connections on analytic manifolds (resp. smooth complex algebraic variety) is a generalization of the concept of system of n−linear first order differential equations. Definition 1.6. Let F be a locally free holomorphic O X −module on a complex analytic manifold X (resp. smooth algebraic complex variety). A connection on F is a C X −linear map ∇ : F → Ω 1 X ⊗ OX F satisfying the following condition for all sections f of F and ϕ of O X :
∇(ϕf ) = dϕ ⊗ f + ϕ∇f known as Leibnitz condition.
We define a morphism of connections as a morphism of O X −modules which commutes with ∇.
1.2.1. The definition of ∇ extends to differential forms in degree p as a C−linear map
The connection is said to be integrable if its curvature
, and the curvature is a linear morphism).
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Then it follows that the composition of maps ∇ i+1 • ∇ i = 0 vanishes for all i ∈ N for an integrable connection. In this case a de Rham complex is associated to ∇
The horizontal sections F ∇ of a connection ∇ on a module F on an analytic (resp. algebraic) smooth variety X , are defined as the solutions of the differential equation on X (resp. on the analytic associated manifold X h )
Proof. This result is based on the relation between differential equations and connections. Locally, we consider a small open subset U ⊂ X isomorphic to an open set of C n s.t. F |U is isomorphic to O m U . This isomorphism is defined by the choice of a basis of sections (e i ) i∈ [1,m] of F on U and extends to the tensor product of F with the module of differential forms:
m . In terms of the basis e = (e 1 , · · · , e m ) of F |U , a section s is written as s = i∈ [1,m] y i e i and ∇s = i∈ [1,m] dy i ⊗ e i + i∈ [1,m] y i ∇e i where
The connection matrix Ω U is the matrix of differential forms (ω ij ) i,j∈ [1,m] , sections of Ω 
where T is the tangent bundle to X. Let (x 1 , · · · , x n ) denotes the coordinates of C n , then ω ij decompose as 
The solutions form a local system of dimension m, since the Frobenius condition is satisfied by the integrability hypothesis on ∇.
The connection appears as a global version of linear differential equations, independent of the choice of local coordinates on X.
defines a resolution of L by coherent modules, hence induces isomorphisms on cohomology
The functor (F , ∇) → F ∇ is an equivalence between the category of integrable connections on an analytic manifold X and the category of complex local systems on X with quasi-inverse defined by L → L X .
1.2.2.
Local system of geometric origin. The structure of local system appears naturally on the cohomology of a smooth and proper family of varieties. Theorem 1.10 (differentiable fibrations ). Let f : M → N be a proper differentiable submersive morphism of manifolds. For each point v ∈ N there exists an open neighbourhood U v of v such that the differentiable structure of the inverse image M Uv = f −1 (U v ) decomposes as a product of a fibre at v with U v :
The proof follows from the existence of a tubular neighbourhood of the submanifold M v ( [32] thm. 9.3).
Corollary 1.11 (Locally constant cohomology).
In each degree i, the cohomology sheaf of the fibers R i f * Z is constant on a small neighbourhood U v of any point v of fiber H i (M v , Z) i.e there exists an isomorphism between the restriction (R i f * Z) |Uv with the constant sheaf H i Uv defined on U v by the vector space
Proof. Let U v be isomorphic to a ball in R n over which f is trivial, then for any small ball B ρ included in U v , the restriction
Remark 1.12 ( Algebraic family of complex varieties). Let f : X → V be a smooth proper morphism of complex algebraic varieties , then f defines a differentiable locally trivial fiber bundle on V . We still denotes by f the differentiable morphism X dif → V dif associated to f , then the complex of real differential forms E * X is a fine resolution of the constant sheaf R and R i f * R ≃ H i (f * E * X ) is a local system called of geometric origin. Such local systems carry additional structures and have specific properties which are the subject of study in this article.
We give now the abstract definition of VMHS, ([11],1.8.14) and then explain how the geometric situation leads to such structure. Definition 1.13. A VMHS on an analytic manifold X consists of 1) A local system L Z of Z−modules of finite type, 2) A finite increasing filtration W of L Q := L Z ⊗ Q by sublocal systems of rational vector spaces, 3) A finite decreasing filtration F by locally free analytic subsheaves of L X := L Z ⊗ O X whose sections on X satisfy the infinitesimal (Griffiths) transversality relation with respect to the connection ∇ defined by the structure of local system on
The definition of VHS is obtained in the particular pure case when the weight filtration is constant but for one index. The induced filtration by F on the graded objects Gr hal-00793746, version 1 -22 Feb 2013 Definition 1.14. The VMHS is graded polarizable if the graded objects Gr W m L are polarizable variation of Hodge structure.
1.3. VMHS of geometric origin. In the above situation of smooth algebraic morphisms, the cohomology of the fibers carry a Hodge structure (HS) which leads to the theory of variation of Hodge structure (VHS) on an underlying local system and which is the subject of another course. We describe here structural theorems of algebraic morphisms and as a consequence the variation of mixed Hodge structure (VMHS) they define on the cohomology of the fibers over strata of the parameter space. The asymptotic properties of a VMHS near the boundary of a strata is studied under the terminology of degenerating VMHS and will be discussed here.
The study of the whole data, including many strata has developed in the last twenty years after the introduction of perverse sheaves. In the projective case, a remarkable decomposition result is proved in [2] . In the transcendental case, this result apply for Hodge differential modules [26] . These results are beyond the scope of this article. Instead we discuss preliminary results needed to understand such theory.
1.3.1. Background on morphisms of algebraic varieties and local systems. We describe here structural theorems of algebraic morphisms in order to deduce later VMHS on various strata of the parameter space.
Stratification theory on a variety consists of the decomposition of a variety into the disjoint union of smooth locally closed algebraic (or analytic) subvarieties called strata ( a strata is smooth but the variety may be singular along a strata). By construction, the closure of a strata is a union of additional strata of lower dimensions. A Whitney stratification satisfies two more conditions named after H. Whitney. We are interested here in their consequence, after the work of J. Mather: the local topological trivial property at any point of a strata that will be useful in the study of local cohomology. Thom described in addition the topology of the singularities of algebraic morphisms. Next, we summarize these results.
1.3.2.
Thom-Whitney's stratifications. Let f : X → V be an algebraic morphism. There exist finite Whitney stratifications X of X and
S is a topological fibre bundle over S, union of connected components of strata of X, each mapped submersively to S. ii) Local topological triviality: for all v ∈ S, there exist an open neighborhood U (v) in S and a stratum preserving homeomorphism h :
This statement can be found in an article by D. T. Lê and B. Teissier [23] and [15] by Goretsky and MacPherson. Since the restriction f /S to a stratum S is a locally trivial topological bundle, we deduce Corollary 1.15. For each integer i, the higher direct cohomology sheaf (R i f * Z X )/S is locally constant on each stratum S of V .
Then we say that R i f * Z X is constructible on V and Rf * Z X is cohomologically constructible on V .
Geometric Variation of Mixed Hodge
Structures. The abstract definition of VMHS above summarizes in fact properties of the variation of MHS defined on the cohomology of the fibers over strata of the parameter space. We suppose next hal-00793746, version 1 -22 Feb 2013 the parameter space a complex disc D that we can suppose small enough to have a topological fibration on the punctured disc D * . Hence the cohomology groups (H i (X t , Q)) form a local system (R i f * Q X ) on D * with an associated flat analytic bundle (R i f * C X )/D * ⊗ O D * endowed with an analytic connection ∇ whose flat sections form a local system isomorphic to R i f * C X )/D * . Suppose the fibers of f are algebraic varieties, then a M HS exists on the cohomology groups (H i (X t , Z), W, F ) of the fibers X t . The following proposition describes properties of the weight and Hodge filtrations: the variation of the weight filtration W is locally constant in t and the variation of the Hodge filtration F is analytic in t. Proposition 1.16. Suppose the fibers of the above morphism f : X → D are algebraic and the radius of D small enough i) For all integers i ∈ N, the restriction to D * of the higher direct image cohomology
ii) The weight filtration W on the cohomology 
iv) If we suppose f projective, then the induced filtration by F on the graded objects Gr
The proposition is a generalization to the non proper case of results in the smooth proper case. The proof follows the historical developments of the theory, and it is in two steps. In the first step we summarize the results for V HS and in the second step we use the technique introduced by Deligne by covering X by simplicial smooth varieties [10] .
V HS defined by a smooth proper morphism. The main point is to prove that the variation of the Hodge filtration is analytic. The original proof by Griffiths is based on the description of the Hodge filtration F as a map to the classifying space of all filtrations of the cohomology vector space of a fiber at a reference point. Here the Hodge filtration of the cohomology at a fiber y are transported horizontally to the reference point.
We summarize here a proof based on the use of relative connections by Deligne ( 
hal-00793746, version 1 -22 Feb 2013 ii) A relative local system on X is a sheaf L with a structure of f −1 O V −module, locally isomorphic on X to the inverse image of a coherent sheaf on a subset of V ∀x ∈ X, ∃x ∈ U ⊂ X, W ⊂ S :
Then the theory is similar to the absolute case and there is an equivalence between relative local systems and flat relative connections. Moreover, the relative de Rham complex Ω * X/V is defined in the flat case and the flat sections of V form a relative local system. 
To prove that the Hodge filtration vary holomorphically with the paramaters and that the connection satisfy the infinitesimal transversality, we consider the exact sequence of differential forms
X/Y → 0, and the exact sequence of complexes
X/Y → 0 taking the higher direct image, Katz-Oda [21] prove that the associated connecting morphism
coincide with the connection. More generally, there exists a filtration
General case. The proof of the proposition is deduced from the smooth proper case via Deligne's simplicial resolutions [10] : there exists a smooth simplicial variety X * defined by a family {X n } n∈N over X defining a cohomological hyperresolution of X, which gives in particular an isomorphism between the cohomology groups of the simplicial variety X * and X. Applying the structural theorem to the morphisms f i : X i → D, we deduce that the restriction of f i to D * is smooth so that we can use the relative de Rham complex of each X i over D * as in the above case. We do not give the details of the proof here, since we will treat a similar case later to study the asymptotic behavior of the VMHS near the origin of the disc, in presence of singularities of f on the fiber at the origin. Precisely, there are two different cases. In the first case of a proper morphism f : X → D, the varieties are proper over D. In the second case when f is not proper, but with algebraic fibers, the construction of MHS is based on the completion of X by a divisor Z over which the varieties X i of X * are completed by normal crossing divisors Z i , so we can use the de Rham complex with logarithmic singularities along Z i . The key point here is that the NCD form a family of relative NCD over D * for D small enough, for a finite number of indices which determine the cohomology. Corollary 1.18. For each integer i and each stratum S ⊂ V of a Thom-Whitney stratification of f : X → V , the restriction of the higher direct cohomology sheaf
Proof. By definition of S, the restriction of the higher direct image is a local system L i . By the above argument via simplicial coverings, for any embedded disc in S with center a point v ∈ S, we know only that the restriction to D * is a VMHS. We prove that this VMHS extends across v. Since the local system extends to the whole disc, the local monodromy is trivial at v, but we don't know yet about the extension of the weight and the Hodge filtrations. Since the local monodromy on the weight local subsystems W r is induced from L i , it is trivial at v and W r extend at v.
The proof of the extension of the Hodge filtration to an analytic bundle over D can be deduced from the study of the asymptotic behavior of the Hodge filtration in the next section. The extension of the Hodge filtration has been proved for the proper smooth case [28] , [27] .
In the next section we will define the limit MHS of the VMHS on D * , and a comparison theorem via the natural morphism from the MHS on the fiber X v to this limit MHS, is stated as the basic local invariant cycle theorem ( [16] ,VI). Since the local monodromy is trivial in our case, both MHS coincide above the point v, hence the Hodge filtration extends also by analytic bundles over D since it is isomorphic to the limit Hodge filtration.
1.4.
Singularities of local systems. In general the local system (R i f * Z X )/S over a strata S does not extend as a local system to the boundary of S.
The study of the singularities at the boundary may be carried through the study of the singularities of the associated connection. It is important to distinguish in the geometric case between the data over the closure ∂S := S − S of S and the data that can be extracted from the asymptotic behavior on S, which are linked by the local invariant cycle theorem.
The degeneration can be studied locally at points of ∂S or globally, in which case we suppose the boundary of S a NCD, since we are often reduced to such case by the desingularization theorem of Hironaka.
We discuss in this section, the quasi-unipotent property of the monodromy and Deligne's canonical extension of the connection.
1.4.1. Local monodromy. To study the local properties of R i f * Z X at a point v ∈ V , we consider an embedding of a small disc D in V with center v. Then, we reduce the study to the case of a proper analytic morphism f : X → D defined on an analytic space to a complex disc D. The inverse image f −1 (D * ) of the punctured disc D * , for D small enough, is a topological fiber bundle ( [7] , Exp. 14, (1.3.5)). It follows that a monodromy homeomorphism is defined on the fiber X t at a point t ∈ D * by restricting X to a closed path γ :
The inverse fiber bundle is trivial over the interval: γ * X ≃ [0, 1] × X t and the monodromy on X t is defined by the path γ as follows
The monodromy is independent of the choice of the trivilization, up to homotopy, and can be achieved for singular X via the integration of a special type of vector fields compatible with a Thom stratification of X [30] .
Remark 1.19. The following construction, suggested in the introduction of ( [7] , Exp.13, Introduction) shows how X can be recovered as a topological space from the monodromy. There exists a retraction r t : X t → X 0 of the general fiber X t hal-00793746, version 1 -22 Feb 2013 to the special fiber X 0 at 0, satisfying r t • T = r t , then starting with the system (X t , X 0 , T, r t ) we define i) X ′ and f : X ′ → S 1 by gluing the boundaries of X t × [0, 1], X t × 0 and 
A proof in the analytic setting is explained in [6] and [22] . It is valid for an abstract VHS ( [27] , 4.5) where the definition of the local system over Z is used in the proof; hence it is true for VMHS. Finally, we remark that the theorem is true also for the local system defined by the Milnor fiber.
Universal fiber.
A canonical way to study the general fiber, independently of the choice of t ∈ D * , is to introduce the universal covering D * of D * which can be defined by Poincaré half plane H = {u ∈ C : Im u > 0}, π : H → D * : u → exp 2iπu. The inverse image X * := H × D X is a topological fibre bundle trivial over H with fibre homeomorphic to X t . Let H : H × X t → X * denotes a trivialization of the fiber bundle with fiber X t at t, then the translation u → u + 1 extends to H × X t and induces via H, a transformation T of X * s.t. the following diagram commutes
where I 0 is defined by the choice of a point u 0 ∈ H satisfying e 2iπu0 = t s.t.
and T t is the monodromy on X t . Hence T acts on X * as a universal monodromy operator.
1.4.4.
Canonical extension with logarithmic singularities. For the global study of the asymptotic behavior of the local system on a strata S near ∂S, we introduce a general construction by Deligne [8] for an abstract local system.
Hypothesis. Let Y be a normal crossing divisor (NCD) with smooth irreducible components Y = ∪ i∈I Y i in a smooth analytic variety X, j : 
The composition of ∇ with the residue map: 
Proof. The local system L is locally unipotent along Y if at any point y ∈ Y all T j are unipotent, in which case the extension we describe is canonical. The construction has two steps, the first describes a local extension of the bundle, the second consists to show that local coordinates patching of the bundle over X * extends to a local coordinates patching of the bundle over X. The property of flat bundles is important here since it is not known how to extend any analytic bundle on X * . We rely on a detailed exposition of Malgrange [24] . We describe explicitly the first step, since it will be useful in applications. Let y be a point in Y , and let U (y) be a polydisc D n with center y and L → U (y)
where the covering map is
We fix a reference point t 0 ∈ U (y) * so that the local system is determined by a vector space L with the action of the various monodromy T j for j ≤ p corresponding to the generators γ j around Y j of the fundamental group of U (y)
* .
The inverse image L := π * (L |U(y) ) on U (y) * is trivial with global sections a vector space L isomorphic to L. The action of the monodromy T j for j ≤ p on L is defined by the formula:
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We define
We consider the following embeddedding of the vector space L of multivalued sections of L into the subspace of analytic sections of the sheaf
Notice that the exponential is a linear sum of multiples of Id − T j with analytic coefficients, hence its action defines an analytic section.
We show v(t + e j ) = v(t) for all t ∈ U (y)
* and all vectors e j = (0,
The bundle L X is defined by the locally free subsheaf of j * L X * with fibre L X,y generated as an O X,y −module by the the sections v for v ∈ L.
In terms of the local coordinates
* defined by a vector v ∈ L is given by the formula
Equivalently, the formula:
1.4.5. Relative monodromy filtration. In the above formula the endomorphism T a − Id is nilpotent. This was one of the starting point to study the degeneration, when Deligne introduced a monodromy filtration satisfying some kind of degenerating Lefschetz formula and representing the Jordan form of a nilpotent endomorphism by a canonical filtration.
Let V be a vector space, W a finite increasing filtration of V by subspaces and N a nilpotent endomorphism of V compatible with W , then Deligne proves in ( [11] , prop. 1.6.13) Lemma 1.26. There exists at most a unique increasing filtration M of V satisfying N M i ⊂ M i−2 s.t. for all integers k and l ≥ 0
27. The lemma is true for an object V of an abelian category A, a finite increasing filtation W of V by subobjects of V in A and a nilpotent endomorphism N . Such generalization is particularly interesting when applied to the abelian category of perverse sheaves on a complex variety. 
The above definition has a striking similarity with Hard Lefschetz theorem.
denotes the direct sum of cohomology spaces of a smooth projective complex variety X of dimension n and N = ∪c 1 (H) the nilpotent endomorphism defined by the cup product with the cohomology class of an hyperplane section H of X. Consider the increasing filtration of V
By hard Lefschetz theorem, the repeated action
is an isomorphism. Hence M i coincides with the the monodromy filtration defined by N and centered at 0. Following this example, the property of the relative monodromy filtration appears as a degenerate form of Lefschetz result on cohomology.
The monodromy filtration centered at 0. Let N be nilpotent on V s.t. N l+1 = 0. This is the case W is trivial s.t. W 0 = V and W −1 = 0, then M is constructed as follows. Let
so that the definition of M is by induction on the index of nilpotency. The primitive part of Gr M i V is defined for i ≥ 0 as
The decomposition at right follows from this definition, and the proof is similar to the existence of a primitive decomposition following the hard Lefschetz theorem on compact kähler manifolds. In this case the filtration M gives a description of the Jordan form of the nilpotent endomorphism N , independent of the choice of a Jordan basis as follows. For all i ≥ 0, we have the following properties:
i+1 projects surjectively onto the primitive subspace P i ⊂ Gr hal-00793746, version 1 -22 Feb 2013
1.4.6. Limit Hodge filtration. Let (L, F ) be an abstract polarized VHS on a punctured disc D * , where the local system is defined by a unipotent endomorphism T on a Z−module L; then W. Schmid [17] showed that such VHS is asymptotic to a " Nilpotent orbit" defined by a filtration F called limit or asymptotic such that for N = LogT the nilpotent logarithm of T , and W (N ) the monodromy filtration, the data (L, W (N ), F ) form a MHS. This positive answer to a question of Deligne was one of the starting point of the linear aspect of degeneration theory developed here, but the main development occurred with the discovery of Intersection cohomology.
There is no such limit filtration F in general for a VMHS.
Degeneration of VMHS
Families of algebraic varieties parameterized by a non singular algebraic curve, acquire in general singularities changing their topology at a finite number of points of the curve. If we center a disc D at one of these points, we are in the above case of a family over D * which extends over the origin in an algebraic family over D. The fiber at the origin may be changed by modification along a subvariety, which do not change the family over D * . The study of the degeneration follows the same pattern as the definition of the VMHS. The main results have been established first for the degeneration of abstract VHS [27] , then a geometric construction has been given in the case of degeneration of smooth families [28] . These results will be assumed since we concentrate our attention on the singular case here.
The degeneration of families of singular varieties is reduced to the case of smooth families by the technique of simplicial coverings already mentioned. Such covering by simplicial smooth algebraic varieties with NCD above the origin and satisfying the descent cohomological property, induce a covering of the fibers over D * which is fit to study the degeneration of the cohomology of the fibers.
In the case of open families, we use the fact that we can complete algebraic varieties with a NCD at infinity Z, which moreover can be supposed a relative NCD over the punctured disc.
2.1. Diagonal degeneration of geometric VMHS. The term diagonal refers to a type of construction of the weight as diagonal with respect to a simplicial covering. The next results describes the cohomological degeneration of the MHS of an algebraic family over a disc. Here Z(b) will denote the MHS on the group (2iπ) b Z ⊂ C of type (−b, −b) and its tensor product with a MHS on a group V is denoted V (b) := V ⊗ Z(b) and called twisted MHS on V . Hypothesis. Let f : X → D be a proper analytic morphism defined on an analytic manifold X to a complex disc D, Z a closed analytic subspace of X and suppose the fibers of X and Z over D algebraic, then for D small enough: the weight filtration on the family H n (X t − Z t , Q) define a filtration by sub-local systems W of R n f * Q |D * on D * . The graded objects Gr W i R n f * Q |D * underly a variation of Hodge structures (VHS) on D * defining a limit MHS at the origin [27] , [28] . The construction below gives back this limit MHS in the VHS case for Z = ∅ and is deduced from this case by the diagonalization process for a simplicial family of varieties. Let Theorem 2.1. There exists a MHS on the cohomology H n ( X * − Z * , Z) with weight filtration W defined over Q and Hodge filtration defined over C satisfying i) the finite filtration W f is a filtration by sub-MHS of H n ( X * − Z * , Q).
ii) the induced M HS on Gr
coincides with the limit MHS defined by the VHS on the family Gr
. iii) Suppose moreover that f is quasi-projective, then for all integers a and b, the logarithm of the unipotent part T u of the monodromy N = 1 2iπ LogT u induces an isomorphism for b ≥ 0
Remark 2.2 (Category of limit MHS). The above MHS will be called the limit MHS of the VMHS defined by the fibers of f . In general we define a structure called limit MHS, by the following data: (V, W f , W, F, N ) where (V, W, F ) form a MHS, W f is an increasing filtration by sub-MHS and N is a nilpotent endomorphism of MHS:
f such that W is the relative weight filtration of (V, W f , N ). Limit MHS form an additive category with kernel and cokernel but which is not abelian since W f is not necessarily strict.
The assertion iii) characterizes the weight W as the monodromy filtration of N relative to W f , which proves its existence in the case of geometric variations. The proof will occupy this section and is based on the reduction to the smooth case, via a simplicial hypercovering resolution of X, followed by a diagonalization process of the weight of each term of the hypercovering [5] , as in the case of the weight in the MHS of a singular variety [4] , [5] . Plan of the proof. Precisely, let Y = f −1 (0) and consider a smooth hypercovering π : X * → X over X where each term X i is smooth and proper over X, such that Z * := π −1 (Z), Y * := π −1 (Y ) and Z * ∪ Y * are NCD in X * with no common irreducible component in Y * and Z * . Let V := X − Z, V i := X i − Z i , then π|V * : V * → V is an hypercovering. Notice that only a finite number of terms X i (resp. V i ) of the hypercovering are needed to compute the cohomology of X (resp. V ). Then by Thom-Whitney theorems, for D small enough, X i and Z i are topological fibre bundle over D * as well Z * i is a relative NCD in X * i for a large number of indices i, and for each t ∈ D * , (X * ) t (resp. (V * ) t ) is an hypercovering of X t (resp. V t ). Then for each index i, X i and the various intersections of the irreducible components of Z i , are proper and smooth families over D * , so that we can apply in this situation the results of J. Steenbrink on the degeneration process for a geometric family of HS [28] . The method consists first to compute the hypercohomology of the sheaf of the nearby cycles
where we denote by tilde the inverse image of a space over D * to the universal cover D * and where the third term is the cohomology of the simplicial space V * * . We restrict the construction to the unipotent cohomology, denoted by an index u (that is the subspace where the action of the monodromy is unipotent) although the theorem is true without this condition. The cohomology is computed as the hal-00793746, version 1 -22 Feb 2013 hypercohomology of the simplicial variety Y * with value in some sheaf denoted Ψ f •π (LogZ * ) that we define here. Such complex is a logarithmic version of the nearby cycle complex of sheaves on Y * satisfying a simplicial cohomological mixed Hodge complex data, such that
Then the assertion ii) refers to the case of geometric VHS, which is first generalized on each X i to the non proper case and then applied to each term X i . With this in mind, the method of proof use general results on simplicial trifiltered complexes that we develop now; still we need later to describe explicitly the complexes involved.
Filtered mixed Hodge complex(FMHC).
The proof involves abstract results concerning FMHC, with three filtrations W f , W and F , where W f induces on cohomology a filtration by sub-MHS defined by W and F . We define first the category of complexes with three filtrations.
Let
A be an abelian category, F 3 A the category of three filtered objects of A with finite filtrations, and K + F 3 A the category of three filtered complexes of objects of A bounded at left, with morphisms defined up to homotopy respecting the filtrations.
The category D + F 3 A is obtained from K + F 3 A by inverting the above quasiisomorphisms; the objects in D + F 3 A are trifiltered complexes but the group of morphisms Hom(K, K ′ ) of complexes change, since we add to a quasi-isomorphism
, where equal to the identity means homotopic to the identity of K ′ (resp. K). In fact this changes completely the category since different objects, not initially isomorphic, may become isomorphic in the new category.
Definition 2.4 (Filtered mixed Hodge complex (FMHC)). A FMHC is given by
is an increasing filtration by weight (resp. finite weight).
where F is a decreasing filtration called Hodge filtration. The following axiom is satisfied: for all j ≤ i, the following system is a MHC
hal-00793746, version 1 -22 Feb 2013 2.2.2. We define as well a sheaf version as a cohomological FMHC on a topological space X,
The global section functor Γ on X can be filtered derived using acyclic tri-filtered canonical resolutions such as Godement flabby resolutions.
Lemma 2.5. The derived global section functor RΓ of a cohomological FMHC on X is a FMHC.
and F define a MHS on the cohomology H n (K). ii) The terms of the spectral sequence defined by the filtration W f on K, with induced weight W and Hodge F filtrations iii) The filtration W f is a filtration by sub-MHS and we have is defined as on the cohomology of any MHC. We prove that the differential
is compatible with MHS. It is deduced from the connection morphism ∂ defined by the exact sequence of complexes 2) For all n ∈ Z, we have induced MHC (Gr
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3) The spectral sequence of (K Q , W f ) degenerates at rank 2: ii) The MHS deduced from i) on E p,q
The proof, similar to the above case of FMHC, is in ( [13] , thm. 2.13).
2.3.
Diagonal direct image of a simplicial cohomological FMHC. We define naturally the direct image (Rπ * K, W, W f , F ) of a simplicial cohomological FMHC K on a simplicial space π : X * → X over X [10] . The important point here is that the weight W is in fact a diagonal sum δ((π) * W, L) with respect to a filtration L . This operation is of the same nature as the mixed cone over a morphism of MHC where the sum of the weight in the cone is also diagonal. Definition 2.9. A simplicial cohomological FMHC on a simplicial (resp. simplicial strict ) space X * is given by a complex
) ⊗ C such that the following axiom is satisfied: the restriction K p of K to each X p is a cohomological FMHC 2.3.1. Differential graded cohomological FMHC defined by a simplicial cohomological FMHC. Let π : X * → X be a simplicial space over X. We define Rπ * K as a cosimplicial cohomological FMHC by deriving first π i on each space X i , on which we deduce an intermediary structure called a differential graded cohomological FMHC on X as follows. Let I * * be an injective or π−acyclic resolution of K on X * , that is a resolution I * i on X i varying functorially with the index i, then π * I * * is a cosimplicial complex of abelian sheaves on X with double indices where p on π * I p i is the complex degree and i the cosimplicial degree. It is endowed by the structure of a double complex with the differential i (−1) i δ i x pq deduced from the cosimplicial structure, as in [10] . Such structure is known as a cohomological differential graded DG + −complex. If we do this operation on the various levels, rational and complex we obtain the following structure. Differential graded cohomological FMHC. A differential graded DG + −complex C * * is a bounded below complex of graded objects, with two degrees, the first defined by the complex and the second by the gradings. It is endowed with two differentials and viewed as a double complex. A differential graded cohomological MHC is defined by a system of a DG + −complex, a filtered and a bifiltered complex with compatibility isomorphisms C * * , (C * * , W ), (C * * , W, F ) s.t. for each degree n of the grading, the component (C * n , W, F ) is a CMHC.
hal-00793746, version 1 -22 Feb 2013 2.3.2. The higher direct image of a simplicial cohomological FMHC. It is defined by the simple complex associated to the double complex (π i, * I * i ) with total differential involving the face maps δ i of the simplicial structure and the differentials d q on I * q :
The filtration L with respect to the second degree will be useful L r (s(π q, * I * q ) q∈N ) = s(π q, * I * q ) q≥r so we can deduce a cohomological FMHC on X by summing into a simple complex
Lemma 2.11. The complex (Rπ * K, W f , W, F ) is a cohomological FMHC and we have
Construction of a Limit MHS on the unipotent nearby cycles. We illustrate the above theory by an explicit construction of a LMHC on the nearby cycles that is applied to define the limit MHS of a geometric VMHS. Let f : V → D be a quasi-projective morphism to a disc. If D is small enough, the morphism is a topological bundle on D * , hence the higher direct images R i f * C underly a variation of the MHS defined on the cohomology of the fibers. In order to obtain at the limit a canonical structure not depending on the choice of the general fiber at a point t ∈ D * , we introduce what we call here the universal fiber to define the nearby cycle complex of sheaves Ψ f (C), of which we recall the definition in the complex analytic setting. Let
* a universal cover of the punctured unit disc D * , and consider the following diagram
where
For each complex of sheaves F of abelian groups on V * , the nearby cycle complex of sheaves Ψ f (F ) is defined as:
Let D * = {u = x + iy ∈ C : x < 0} and the exponential map p(u) = exp u. The translation u → u + 2iπ on D * lifts to an action on V * , inducing an action on R p * p * (F ) and finally a monodromy action T on Ψ f (F ). The method to construct the limit MHS is to explicit a structure of mixed Hodge complex on nearby cycles RΓ(Y, Ψ f (C)) = RΓ( V * , C). The technique used here puts such structure on the complex of subsheaves Ψ is unipotent, then the problem may be reduced to this case. In view of recent development, the existence of the weight filtration with rational coefficients becomes clear in the frame of the abelian category of perverse sheaves since the weight filtration is exactly the monodromy filtration defined by the nilpotent action of the logarithm of T on the perverse sheaf Ψ u f (Q), up to a shift in indices. Hence we will concentrate here on the construction of the weight filtration on the complex Ψ u f (C). The construction is carried first for a smooth morphism, then applied to each space of a smooth simplicial covering of V .
2.5. Smooth morphism. For a smooth morphism f : V → D, the work of Deligne [7] and the smooth proper case [28] suggests to construct the limit MHS on the universal fiber V * , however the MHS depends on the properties at infinity of the fibers, so we need to introduce a compactification of the morphism f . Then, we suppose there exists a proper morphism called also f : X → D with algebraic fibres which induces the given morphism on V . This will apply to a quasi-projective morphism in which case we may suppose the morphism f : X → D projective. Moreover, we suppose the divisor at infinity Z = X − V , the special fiber Y = f −1 (0) and their union Z ∪ Y normal crossing divisors in X. To study the case of the smooth morphism on V = X − Z, we still cannot use the logarithmic complex Ω *
since X * is analytic in nature (it is defined via the exponential map). So we need to introduce a sub-complex of sheaves of Ω * X * (Log Z * ), essentially described in [7] , which underly the structure of cohomological FMHC. Construction of a FMHC. We may start with the following result. Let c be a generator of the cohomology H 1 (D * , Q) and denote by η Q = ∪f * (c) the cup product with the inverse image f * (c) ∈ H 1 (X * , Q). Locally at a point y ∈ Y , a neighborhood X y is a product of discs and X * y := X y − (Y ∩ X y ) is homotopic to a product of n punctured discs, hence
y , Q) of this complex defines a resolution ( [7] ,lecture 14, lemma 4.18.4)
* which is homotopic to a Milnor fiber. Dually, we have an isomorphism
u . This construction can be lifted to the complex level, to produce in our case a cohomological FMHC on Y computing the cohomology of the space X * = X × D * D * homotopic to a general fiber as follows. We use first the logarithmic complex Ω *
On the level of differential forms, df /f represents the class 2iπf * (c), since |z|=1 dz/z = 2iπ, and ∧df /f realizes the cup product as a morphism (of degree 1)
satisfying η 2 = 0 so to get a double complex. By the above local result, the simple associated complex is quasi-isomorphic to the sub-sheaf of unipotent nearby cycles Ψ u f ( [7] , ( [13] , thm 2.6)). Since Y and Z are NCD, we can write the logarithmic complex as Ω * X (LogY )(LogZ) so to introduce the weight filtration W Y (resp. W Z ) with respect to Y (resp. Z) in addition to the weight filtration W Y ∪Z . The simple complex of interest to us is realized as a sub-complex of Ω * X * (Log Z * ) generated by Ω * X (LogY )(LogZ) and the variable u on X * . It is the image of the complex C[U ] ⊗ Ω * X (LogY )(LogZ) by the embedding I defined by
, that is the action ν corresponds to N (we may use as Kashiwara the variable N instead of U to emphasize that the action of N is induced by the multiplication by the variable N ). 
From the embedding we deduce the differential as ∪f * (c), and we need to define N = LogT to get for p ≥ 0, N ((Logf )
Still to get regular filtrations we need to work on a finite complex deduced as a quotient modulo an acyclic sub-complex, hence we construct the following trifiltered complex on which the filtrations are regular
It is the simple complex associated to the double complex
, p ≥ 0, q ≥ 0 with the usual differential d of forms for fixed p and the differential ∧df /f for fixed q, hence the total differential is Dω a limit MHS such that the the weight filtration W is equal to the monodromy weight filtration relative to W f .
The theorem results from the following proposition where Z = ∪ i∈I1 Z i denotes a decomposition into components of Z,
ii) The graded part for W f is expressed with the LMHC for the various proper smooth maps Z −p → D for p < 0, with singularities along the NCD:
) and the spectral sequence with respect to W f is given by the limit MHS of the unipotent cohomology of ( Z −p )
iii) The endomorphism ν shift the weight by −2:
Moreover, the action of ν corresponds to the logarithm of the monodromy on the cohomology
iv) The induced monodromy actionν defines an isomorphism
Corollary 2.16. The weight filtration induced by W on the cohomology H * ( V * , C) u satisfies the characteristic property of the monodromy weight filtration relative to the weight filtration W f .
The main argument consists to deduce iv) from the corresponding isomorphism on the complex level in iii) after a reduction to the proper case. We remark also ( [13] , prop. 3.5) that the spectral sequence W f E p,q r is isomorphic to the weight spectral sequence of any fiber X t − Z t for t ∈ D * and degenerates at rank 2.
Proof of the proposition in the proper smooth case (VHS). The complex Ψ
u Y (LogZ) for Z = ∅ coincides with Steenbrink's complex Ψ u Y on Y in X = V [28]. In this case W f is trivial, W Y ∪Z = W Y on Ω * X (LogY ) and (Ψ u Y , W, F )
is a MHC since its graded object is expressed in terms of the Hodge complexes defined by the embedding of the various s intersections of components
defines an isomorphism with the HC of weight r at right, then the assertion i) of the proposition for Z = ∅ reduces to the quasi-isomorphism 
In the assertion ii) we use the residue to define an isomorphism on the first terms of the spectral sequence with respect to W with the HS defined by Y i after a twist
The assertion iii) reduces to an isomorphism
which can be checked easily since
p+i,q−i , hence they are interchanged. We end the proof in the next section.
2.6. Polarized Hodge-Lefschetz structure. The first correct proof of the assertion iv) is given in [26] in the more general setting of polarized Hodge-Lefschetz modules. We follow [25] for an easy exposition in our case.
Hodge Lefschetz structure. Two endomorphisms on a finite dimensional bigraded real vector space
, define a Lefschetz structure if they commute and if moreover the morphisms obtained by composition
It is classical to deduce from the classical representation theory, as in hard Lefschetz theorem, that such structure corresponds to a finite dimensional representation of the group SL(2, R) × SL(2, R); then a primitive decomposition follows 
Theorem 2.17 ([26] , [25] ). Let (L, l 1 , l 2 , S, d) be a bigraded Hodge-Lefschetz structure with a differential d and polarization S, then the cohomology (H * (L, d), l 1 , l 2 , S) is a polarized Hodge-Lefschetz structure.
We assume the theorem and that we apply to the weight spectral sequence, where n = dim. X, as follows. 
This ends the proof in the smooth proper case.
Remark 2.19 (Normal crossing divisor case). Let X = ∪ i∈I X i be embedded as a NCD with smooth irreducible components X i , in a smooth variety V projective over the disc D, such that the fiber Y at 0 and its union with X is a NCD in V . Then the restriction of f to the intersections X J = ∩ i∈J X i , J ⊂ I, is a NCD Y J ⊂ X J , and the limit MHC Ψ u YJ for various J, ∅ = J ⊂ I, form a simplicial cohomological MHC on the semi-simplicial variety X * defined by X. In this case the finite filtration W f on the direct image, coincides with the increasing filtration associated by change of indices to the canonical decreasing filtration L on the simplicial complex, that is W f i = L −i , so that we can apply the general theory to obtain a cohomological LMHC defining the LMHS on the cohomology H * ( X * , Q). This is an example of the general singular case. If we add X ∅ = V to the simplicial variety X * we obtain the cohomology with compact support of the general fiber of V −X which is Poincaré dual to the cohomology of V − X, the complement in V of the NCD. This remark explain the parallel (in fact dual ) between the logarithmic complex case and the simplicial case.
Proof of the proposition in the open smooth case. We consider the maps
f (Rj Z, * C X * −Z * , τ ) Let I 1 ⊂ I denotes the set of indices of the components of Z, Z i the union of the intersections Z J for J ⊂ I 1 , |J| = i and a Z i : Z i → X. The assertion ii) follows from the corresponding bifiltered isomorphism residue along Z: 
we can deduce the structure of LMHC from the proper case. The isomorphism of complexes in the assertion iii), can be easily checked. While the assertion iv) for a smooth proper X → D, is deduced via the above Res Z from the proper smooth projective case Z j → D for various j as follows. The monodromy ν induces on the spectral sequence the isomorphism for p ≤ 0 (Gr
which commutes with the differential d 1 equal to a Gysin morphism alternating with respect to the embeddings of components of Z −p into Z −p−1 . Since the isomorphism
has been checked in the proper case Z −p , we deduce then iv)
2.7. Quasi-projective case. Let f : V → D be quasi-projective. There exists a simplicial smooth hypercovering of V of the following type. First, we consider an extension into a projective morphism f : X → D by completing with Z = X − V , then we consider a simplicial smooth hypercovering π : X * → X with π i := π |Xi s.t. 
then there exists natural quasi-isomorphisms
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The spectral sequence with respect to W f is given by the twisted LMHS on the cohomology of ( Z i−p i
iii) The monodromy ν shift the weight by −2:
iv) The induced iterated monodromy action ν i defines an isomorphism
The proof is by reduction to the smooth proper case, namely the various intersections Z 
The isomorphism iii) follows from the same property on each X i while the isomorphism iv) is deduced from the smooth case above.
2.8. Alternative construction, existence and uniqueness. We deduce the limit structure on cohomology of a quasi projective family from the case of a relative open NCD in a projective smooth family. Instead of general simplicial variety the result follows from the simplicial variety defined by this special case.
2.8.1. Hypothesis. Let f : X → D be a projective family, i Z : Z → X a closed embedding and i X : X → P D a closed embedding in a smooth family h of projective spaces over a disc D s.t. h • i X = f . By Hironaka desingularization we construct
first by blowing up centers over Z so to obtain a smooth space p :
are isomorphisms since the modifications are all over Z. Next, by blowing up centers over X ′ we obtain a smooth space q :
′′ are all NCD, and q| :
is an isomorphism. For D small enough, X ′′ , Z ′′ and Z ′ are relative NCD over D * . Hence we deduce the diagrams
Since all modifications are above X ′ , we still have an isomorphism induced by q at right. For dim.P D = d and all integers i, the morphism q
is well defined on cohomology with compact support since q is proper; its Poincaré dual is called the trace morphism T rq :
and satisfy the relation T rq • q * = Id. Moreover, the trace morphism is defined as a morphism of sheaves
is well defined. Taking the inverse image on a universal covering D * , we get a diagram of universal fibers
With the notations of the above diagram, we have short exact sequences
Since we have a vertical isomorphism q at right of the above diagram, we deduce a long exact sequence of cohomology spaces containing the sequences of the proposition; the injectivity of (i ′′ X ) * − T rq and the surjectivity of (i
hence the long exact sequence of cohomology deduced from the diagram splits into short exact sequences.
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Corollary 2.22. The cohomology
* − T rq acting as a morphism of limit MHS.
The cokernel is defined in the additive category of limit MHS. We remark here that the exact sequence is strict not only for the weight W , but also for W f since it is isomorphic to a similar exact sequence for each fiber at a point t ∈ D * , where W f is identified with the weight filtration on the respective cohomology groups over the fiber at t. Hence the sequence remains exact after taking the graded part Gr W * Gr Both cases can be treated by the above special cases without the general theory of simplicial varieties. Hence we deduce a the limit MHS at right as a quotient. This shows that the limit structure is uniquely defined by the construction on NCD and dually the logarithmic case for smooth families.
Admissible variation of mixed Hodge structure
The degeneration properties of VMHS of geometric origin on a punctured disc are not necessarily satisfied for general VMHS as it has been the case for VHS with the results of Schmid. The notion of admissible VMHS introduced in [29] over a disc, assume all the degeneration properties of the geometric case satisfied by definition. Such definition has been extended in [18] to analytic spaces and is satisfactory for natural operations such as the direct image by a projective morphism of varieties [26] . We mention here the main local properties of admissible VMHS over the complement of a normal crossing divisor (DCN) proved by Kashiwara in [18] .
As an application of this concept we describe a natural MHS on the cohomology of an admissible VMHS. In this setting we recall the definition of normal functions and we explain recent results on the algebraicity of the zero set of normal functions to answer a question raised by Griffiths and Green. The results apply in general for a VMHS with quasi-unipotent local monodromy at the points of degeneration of the NCD , however we assume the local monodromy unipotent, to simplify the exposition and the proofs.
3.1. Definition and results. We consider a VMHS (L, W, F ) on the complement X * of a NCD in an analytic manifold X with unipotent local monodromy and we denote by (L X , ∇) Deligne's canonical extension of L ⊗ O X * into an analytic vector bundle on X with a flat connection having logarithmic singularities [8] . The filtration by sub-local systems W define a filtration by canonical extensions of The proof due to Deligne is stated in the appendix to [29] . The result follows from the following properties:
The admissibility property in the next definition by Kashiwara coincide over D * with the above definition in the unipotent case (but not the quasi-unipotent case) as proved in [18] . 
In the case of locally unipotent admissible VMHS, Kashiwara notice that preadmissible VMHS in the disc are necessarily admissible.
The following criteria in [18] states that admissibility can be tested in codimension one: Theorem 3.4. ([18] , 4.5.2) Let X be a complex manifold, U ⊂ X the complement of a NCD and let Z be a closed analytic subset of codimension ≥ 2 in X. An admissible VMHS: (L, W, F U ) on U whose restriction to U − Z is admissible in X − Z, is necessarily admissible in X.
In particular the existence of the relative weight filtration at a point y ∈ Y 2 follows from its existence at the nearby points on Y − Y 2 . Such result is stated and checked locally in terms of nilpotent orbits localized at y. Next, we cite the following fundamental result for admissible variations of MHS This result follows from M. Saito's general theory of mixed Hodge modules [26] but it is obtained here directly via the logarithmic complex. In both cases it relies heavily on the local study of VMHS by Kashiwara in [18] that is highlighted in the hal-00793746, version 1 -22 Feb 2013 next section. We use also the purity of the intersection cohomology in [19] , [5] . The curve case is treated in [29] .
3.1.1. Properties. 1) We describe below a logarithmic de Rham complex Ω * X (LogY )⊗ L X with coefficients in L X on which the weight filtration is defined in terms of the local study in [18] while the Hodge filtration is easily defined and compatible with the result in [20] . 2) We realize the cohomology of U = X − Z as the cohomology of a cohomological mixed Hodge complex (MHC):
is defined as an isomorphism of MHC with a shift in indices.
3.2. Local study of Infinitesimal Mixed Hodge structures after Kashiwara. The two global results above are determined by the study of the local properties of VMHS. We state here the local version of the definitions and results in [18] , but we skip the proofs, as they are technically complex, although based on invariants in linear algebra, as in the general case of VMHS. An extensive study of infinitesimal mixed Hodge structures (IMHS) is needed to state and check locally the decomposition property of the graded complex for the weight filtration of the logarithmic complex.
Infinitesimal Mixed Hodge structure (IMHS).
It is convenient in analysis to consider complex MHS (L, W, F, F ) where we do not need W to be rational but we suppose the three filtrations W, F, F opposed [9] . In particular a complex HS of
In the case of a MHS with underlying rational structure on W and L, F on L is just the conjugate of F with respect to the rational structure.
To define polarization, we recall that the conjugate space L of a complex vector space L, is the same group L with a different complex structure, such that the identity map on the group L defines a real linear map σ : L → L and the product by scalars satisfy the relation
3.2.2. Hypothesis. We consider a complex vector space L of finite dimension, two filtrations F, F of L by complex sub-vector spaces, an integer k and a non-degenerate
Let (N 1 , . . . , N l ) be a set of mutually commuting nilpotent endomorphisms of L s.t.
S(N j x, y) + S(x, N j y) = 0 and
Recall that by definition, a MHS is of weight w if the HS on Gr 2) The weight filtration W of N = j t j N j with t j > 0 for all j, does not depend on the various t j ; (W, F ) define a MHS on L of weight w and the bilinear form S k s.t. S k (x, y) = S(x, N k y) polarizes the induced HS of weight w + k on the primitive subspace
. Henceforth, all nilpotent orbits are polarized. We consider now a filtered version of the above data (L; W ; F ; F ; N 1 , . . . , N l ) with an increasing filtration W s.t. N j W k ⊂ W k but without any given fixed bilinear product S. IMHS are called IMHM in [18] ; Deligne remarked, the fact that if the relative monodromy filtration M ( i∈I N i , W ) exists in the case of a mixed nilpotent orbit, then it is necessarily the weight filtration of a MHS. The following criteria is the infinitesimal statement which corresponds to the result that admissibility may be checked in codim.1. This result is not used here and it is directly satisfied in most applications. Its proof is embedded in surprisingly important properties of IMHS valuable for their own sake.
Properties of IMHS.
We describe now fundamental properties frequently needed in various constructions in mixed Hodge theory with degenerating coefficients. We start with an important property of a relative weight filtration, used in various proofs. 
hal-00793746, version 1 -22 Feb 2013 In the proof, Kashiwara describes a natural subspace of Gr We define a corresponding mixed nilpotent orbit structure Hom on the vector space Hom(L, L ′ ) with the following classically defined filtrations:
Hom(F, F ′ ) and Hom(F , F ′ ), and the natural endomorphisms denoted:
. Similarly a structure called the tensor product is defined.
Remark 3.13. Among the specific properties of the filtrations of IMHS, we mention the distributivity used in various proofs. In general three subspaces A, B, C of a vector space do not satisfy the following distributivity property: (A + B) ∩ C = (A ∩ C) + (B ∩ C). A family of filtrations F 1 , . . . , F n of a vector space L is said to be distributive if for all p, q, r ∈ Z, have
In the case of an IMHS (W, F, N i , i ∈ I), for J 1 ⊂ · · · ⊂ J k ⊂ I, the family of filtrations {W, F, M (J 1 ), . . . , M (J k )} is distributive ( [18] , prop. 5.2.4).
3.3. Deligne-Hodge theory on the cohomology of a smooth variety. We describe now a weight filtration on the logarithmic complex with coefficients in the canonical extension of an admissible VMHS on the complement of a NCD, based on the local study in [18] .
Hypothesis. Let X be a smooth and compact complex algebraic variety, Y = ∪ i∈I Y i a NCD in X with smooth irreducible components Y i , and (L, W, F ) a graded polarized VMHS on U := X − Y admissible on X with unipotent local monodromy along Y .
Notations. We denote by (L X , ∇) Deligne's canonical extension of L ⊗ O U into an analytic vector bundle on X with a flat connection having logarithmic singularities. The filtration by sub-local systems W of L define a filtration by canonical extensions denoted W X ⊂ L X , while by definition of admissibility the filtration F U extends by sub-bundles F X ⊂ L X .
The aim of this section is to deduce from the local study in [18] the following global result Theorem 3.14. There exists a weight filtration W and a filtration F on the logarithmic complex with coefficients in L X such that the bi-filtered complex
underlies a structure of mixed Hodge complex and induces a canonical MHS on the cohomology groups
The filtration F is classically deduced on the logarithmic complex from the above bundles F X :
Before giving a proof, we need to describe the weight filtration W . Classically L is viewed as the fibre of L at the base point of the fundamental group π 1 (X * ), however to represent the fibre of Deligne's extended bundle at y, we view L as the vector space of multivalued sections of L (that is the sections of the inverse of L on a universal covering of U (y)). The logarithm of the unipotent monodromy
where a basis of L is sent on a basis of L X,y and the action of N i on L is determined by the residue of the connection. [1,m] where J is identified with the strictly increasing sequence of its elements and where L(J) = L.
Definition 3.15. The simple complex defined by the simplicial vector space above is the Koszul complex (or the exterior algebra) defined by (L, N i ) and denoted by Ω(L, N.).
This description of (Rj * L) y is the model for the description of the next various perverse sheaves. The intermediate extension j ! * L. Let N J = j∈J N j denotes a composition of endomorphisms of L, we consider the strict simplicial sub-complex of the de Rham logarithmic complex defined by
Definition 3.17. The simple complex defined by the above simplicial sub-vector space is the intersection complex of L denoted by
M is quasi-isomorphic to the above complex [5] , [19] 
where the last equality follows from ( [18] , Prop 3.4.1).
We remark two important properties of N * W ( [18] , lemma 3.4.2): i) The relative weight filtration exists and:
ii) We have the decomposition property of N ∈ C(J) = {Σ j∈J t j N j , t j > 0} exists for all J ⊂ M. A basic lemma [18] , cor. 5.5.4)asserts that:
In particular, an increasing filtration W J of L may be defined recursively by the star operation (3.7)
), see also [1] .) It describes the fibre of the proposed weight filtration on L(y) for y ∈ Y to the above data. For example, for |M | = 2, the data with alternating differentials N i , is written as follows: 
The proof by induction on the length |A| of A ([18] 5.6.7 and lemma 5.6.5), is based at each step for a ∈ J − K, on the decomposition: 
This corollary is proved in [18] ; the statement (iii) is proved in ( [18] , 2.3.1).
Lemma 3.22 ([18] prop. 2.3.1). The graded vector space of the filtration W k , k ∈ Z on Ω(L, N.) satisfy the decomposition property into a direct sum of Intersection complexes 
The pure Intersection complex of a polarized VHS. This definition is independent of the choice of coordinates; moreover the restriction of the section is still defined in the sub-complex near y, since 
The shift by n is needed for the compatibility with the definitions in [2] . The next theorem is proved in [19] and [5] Theorem 3.25. Let (L, F ) be a polarized VHS of weight a, then the sub-complex (IC(X, L), F ) of the logarithmic complex with induced filtration F is a Hodge complex which defines a pure HS of weight a+i on the Intersection cohomology IH i (X, L).
The proof is in terms of L 2 −cohomology or square integrable forms with coefficients in Deligne's extension L X and an adequate metrics. The filtration F on IC(X, L) defined in an algebro-geometric way yields the same Hodge filtration as in L 2 −cohomology as proved elegantly in [20] using the auto-duality of the Intersection cohomology. The global filtration W J . The relative monodromy weight filtrations M(J, W YJ ) := M( i∈J N i , W YJ ) of i∈J N i with respect to the restriction W YJ of W X on L X to Y J , exist for all J ⊂ I, so that we can define the global filtrations
and for all J ∈ I an increasing filtration W J of L YJ recursively by the star operation 
are Intersections complexes over C from which we deduce that the extended filtration W k on the de Rham complex satisfy the condition of support of perverse sheaves with respect to the stratification defined by Y . Similarly, the proof apply to the Verdier dual of W k as the complexes Gr W k are auto-dual. We need to prove that the local rational structure of the complexes W k glue into a global rational structure, as perverse sheaves may be glued as the usual sheaves, although they are not concentrated in a unique degree. Since the total complex Rj * L is defined over Q, the gluing isomorphisms induced on the various extended W k are also defined over Q. Another proof of the existence of the rational structure is based on Verdier's specialization [14] . The next result is compatible with [11] , cor 3.3.5). Indeed, the weight W k on the logarithmic complex vanishes for k ≤ a. The existence of relative filtrations is important since in general the intersection complex of an extension of two local systems, is not the extension of their intersection complex. We need to check, for each J ⊂ I of length j, the following property of the induced filtration
The problem is local. We prove the following statement by induction on the length j of J: For each J of length j > 0, we have a split exact sequence:
and an isomorphism: Gr 
To this end we apply the following lemma: 
Moreover, the associated graded exact sequence (3.10) 0 → Gr
is split with the splitting defined by the isomorphism
The assertion is deduced from the graded distinguished pair decomposition of Gr 
. from which we deduce the isomorphism: 
where the first isomorphism is obtained by iterating the formula for J of length 1 in the lemma on the graded split sequence, and the second isomorphism follows the decomposition of the second term. Then, we can write Gr 
3.3.8. Duality and Cohomology with compact support. We recall first, Verdier's dual of a bifiltered complex. Let (K, W, F ) be a complex with two filtration on a smooth compact Käler or complex algebraic variety X, and ω X := Q X [2n](n) a dualizing complex with the trivial filtration and a Tate twist of the filtration by dim.X = n and a degree shift by 2n (so that the weight remains 0on a complex on a smooth compact Käler or complex algebraic variety X. We denote by D(K) the complex dual to K with filtrations: 
